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Abstract

The use of probabilistic models based on copulas in Estimation of Distribution Algorithms (EDAs) has been identied as an emerging research trend on these algorithms
for continuous domains. By using copulas, the eect of the dependence structure and
the margins in a joint distribution can be represented separately. Consequently, EDAs
based on copulas inherit these characteristics and are able to build exible search distributions. This paper presents a survey of the EDAs based on copulas that have been
proposed in the literature between 2007 and 2012. We also identify dierent aspects
that, in our opinion, should be considered in order to attain a deeper understanding of
EDAs based on copulas.
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Introduction

Estimation of Distribution Algorithms (EDAs) [44, 51] are evolutionary optimization methods characterized by the explicit use of probabilistic models. These algorithms explore the
search space by iteratively estimating and sampling a probability distribution (search distribution) built from promising solutions. In the recent years, several EDAs that build the
search distributions through probabilistic models based on copulas have been proposed in
the literature. As evidence of this increasing popularity, the use of copulas in EDAs has been
identied as an emerging approach for the solution of real-valued optimization problems [34].
The use of copula-based models in continuous EDAs places these algorithms in an advantageous position in comparison with other EDAs that rely on the assumption of a particular
multivariate distribution, such as the multivariate normal distribution. By means of copulas [39, 52], any multivariate distribution can be decomposed into the marginal distributions
and a copula that determines the dependence structure between the variables. Moreover, by
means of copula-based factorizations, it is possible to construct multivariate distributions
that combine a rich variety of dependence patterns and it also provide us with a potential mechanism to tackle the curse of dimensionality. EDAs based on copulas inherit these
characteristics and are able to build exible search distributions.
The papers is organized as follow. Section 2 gives an overview on dierent aspects of
copula theory that are relevant to this work. Section 3 presents the general procedure of
an EDA, while a description of the copula-based EDAs that have been proposed in the
literature is presented in Section 4. Finally, Section 5 gives the conclusions.
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Overview on Copula Theory

The notion of copulas separates the eect of the dependence structure and the margins in a
joint distribution. This denition is supported by Sklar's Theorem [63, 64], which is dened
as follows. Let X = (X1 , . . . , Xn ) be a vector of continuous random variables with joint
density function f and joint cumulative distribution function F , both dened on Rn . Also
let x = (x1 , . . . , xn ) be an observation of X and F1 , . . . , Fn denote the cumulative univariate
n
margins of F . Sklar's Theorem states that the copula C : [0, 1] → [0, 1] associated with F
is a distribution function with uniform margins that satises

F (x1 , . . . , xn ) = C (F (x1 ) , . . . , F (xn )) ,
and consequently,



(−1)
C (u1 , . . . , un ) = F F1
(u1 ) , . . . , Fn(−1) (un ) ,
(−1)

(1)

(−1)

denote the pseudo-inverses of the margins F1 , . . . , Fn . If F is conwhere F1 , . . . , Fn
tinuous then the copula C (u1 , . . . , un ) is unique.
A wide range copula families have been presented in the literature, being popular choices
among practitioners the members of the elliptical and Archimedean families. Elliptical
copulas are obtained from elliptical distributions, such as the normal and t distributions, by
using (1). The multivariate t and normal copulas are obtained in this way and they allow
the construction of multivariate distributions with dierent margins, but preserving the
multivariate t or normal dependence structure. Archimedean copulas are dened in terms
of a function ϕ : (0, 1] → [0, ∞) called
, which is convex and strictly decreasing with
positive second derivative such that ϕ(1) = 0. A bivariate copula is said to be Archimedean
if it admits the representation

generator

C(u1 , u2 ) = ϕ(ϕ−1 (u1 ) + ϕ−1 (u2 )),

(2)

where ϕ−1 denotes the pseudo-inverse of some Archimedean generator ϕ. This generator usually depends on a parameter that controls the strength of the dependence between
the variables and dierent Archimedean copulas are obtained by using dierent generator
functions. Popular choices include Clayton, Gumbel, Frank, Ali-Mikhail-Haq, and FarlieGumbel-Morgenstern copulas.
The estimation of a copula-based multivariate distribution involves the estimation of both
the copula and the marginal distributions [14, 15]. The process of tting the parameters
often proceeds in two phases: rst estimating the parameters of the marginal densities,
and then estimating the parameters of the copula. The estimation of the parameters of the
copula is usually carried out by maximum likelihood [24, 40] or the method of moments [60].
Also, a non-parametric estimation of the copula can be performed through the empirical
copula [19]. Copulas can be simulated through the conditional distribution method [20]
but there also exist algorithms for the simulation specic families, such as Archimedean
copulas [49] and normal copulas [65].
For more information on dependence modeling with copulas, and a list of the copula
families available, see the comprehensive books [39, 52]. In the following two sections,
examples of multivariate copulas and dependence models that rely on lower-dimensional
copulas as building blocks are described in more detail.
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2.1

Multivariate Copulas

A consequence of Sklar's Theorem is that random variables are independent if and only if
their underlying copula is the product or independence copula, which is given by

C (u1 , . . . , un ) = u1 . . . . .un .
This means that a multivariate distribution with independent margins can be represented
through the marginal distributions and the product copula. Another important copula is
the multivariate normal copula, which is a member of the family of elliptical copulas and is
dened as follows,


C (u1 , . . . , un ; R) = ΦR Φ−1 (u1 ) , . . . , Φ−1 (un ) ,
where ΦR is the standard multivariate normal distribution function with positive-denite
correlation matrix R, and Φ−1 denotes the inverse of the standard univariate normal distribution.
Archimedean copulas, as presented in (2), share many nice properties but most of the
members of this family are only dened for two variables. One way of extending bivariate
Archimedean copulas to higher dimensions is by using exchangeable Archimedean copulas
[10, 33] given by

C(u1 , . . . , un ) = ϕ(ϕ−1 (u1 ) + . . . + ϕ−1 (un )),

(3)

where ϕ denotes the generator and ϕ−1 its pseudo-inverse. These copulas usually have only
one parameter that characterize the dependence structure between the variables regardless
of the dimension.
2.2

Copula Factorizations

The use of multivariate copulas to model the dependence structure oers several advantages
over the use of a multivariate normal distribution, but it presents some limitations. The
number of tractable copulas when more than two variables are involved is rather limited
and multivariate copulas may not be appropriate when all pairs of variables do not share
the same type of dependence. Another shortcoming is that multivariate extensions, such as
exchangeable Archimedean copulas or the multivariate t copula, have only one parameter
to describe certain aspects of the overall dependence. This situation has motivated the
development of more appropriate multivariate copula-based dependence models. In the rest
of this section, we briey describe two of these models, which are based on lower-dimensional
copulas as building blocks: pair-copula constructions and nested Archimedean copulas.
2.2.1

Pair-Copula Constructions

By using pair-copula constructions [1, 8, 9, 38], it is possible to build multivariate dependence
models in terms of bivariate copulas. These models are represented through a graphical
model called vine. A vine on n variables is a set of nested trees T1 , . . . , Tn−1 , where the
edges of tree Tj are the nodes of the tree Tj+1 with j = 1, . . . , n − 2. C-vines (canonical
vines) and D-vines (drawable vines) are two types of vines, each of which determine a
specic decomposition of the multivariate density. In a C-vine, each tree Tj has a unique
root node that is connected to n − j edges. In a D-vine, no node is connected to more than
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two edges. The edges of these trees represent the copulas in the decomposition. Since the
bivariate copulas can belong belong to dierent families, vines can model a rich variety of
dependences.
The estimation procedures of C-vines and D-vines [1, 36] consist of the following main
steps: the selection of the structure of the vines, and the choice of the bivariate copulas in the
factorization along with the estimation of their parameters. Simulation from vines [7, 8, 43]
can be performed by following the conditional distribution method. For more information
on dependence modeling with vines see [17, 42].
2.2.2

Nested Archimedean Copulas

The construction of exchangeable Archimedean copulas, as dened in (3), results in a
very restrictive dependence structure: the distribution is invariant under permutations,
and in many cases the dependence structure is determined by a single scalar parameter.
Nested Archimedean copulas [39] provide an alternative to build more exible multivariate
Archimedean copulas by using nested generators. At each nesting level, an exchangeable
Archimedean copula that determines the dependence between a group of variables is added
in order to conform the overall structure. This exibility comes with some restrictions that
most be satised for the resulting multivariate distribution to be a proper copula.
Various models based on dierent nesting structures has been proposed in the literature
[10]. Among them, the hierarchically nested Archimedean copulas constitute one of the most
exible models. The parameters of the nested Archimedean copulas may be estimated by
maximum likelihood. However, it is not straightforward to derive a density for all parametric
families, and the calculation of numerical derivatives may be necessary. Simulating from
nested Archimedean copulas is also not simple. A procedure based on Laplace-transforms
method is available [50], but it is not applicable to neither all families of Archimedean
copulas nor all dimensions. Therefore, simulation is usually carried out by using conditional
distribution method, for which it may also necessary to calculate numerical derivatives. For
more information on nested Archimedean copulas see [37].
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Estimation of Distribution Algorithms

EDAs explore the search space by iteratively estimating and sampling a probability distribution built from promising solutions. The basic steps of this iterative procedure are outlined
in Algorithm 1. Each repetition of this procedure is dened as one generation.
The rst step of an EDA is to simulate an initial population of solutions, which is
usually generated randomly. The simulated population is scored according to the value of
the objective function and then, a group of promising solutions are selected according to
a selection method (
truncation, tournament). The estimation and simulation (also
called learning and sampling) of the search distributions are essential steps of an EDA.
A probabilistic model of the selected population is built, and then a new population is
generated by sampling the estimated model. This simulated population constitutes the
current population. If elitism is used, a small set of the best points of the previous population
is incorporated into the current population. Finally, the algorithm stops when certain
criteria are satised; for example, to reach a maximum number of function evaluations or a
value of the objective function.
For continuous domains, the normal distribution has been commonly adopted to model
search distributions in EDAs [11, 41]. Nevertheless, this distribution can be inconsistent

e.g.
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i←1
repeat
if

i == 1 then
Generate an initial population P1 .
Evaluate the solutions in the population P1 using the tness function.

else

Select a population PiSelected from Pi−1 according to a selection method.
Estimate a probabilistic model Mi of PiSelected .
Sample a new population PiSampled from Mi .
Evaluate the solutions in the population PiSampled using the tness function.
Create a population Pi from PiSampled and Pi−1 if elitism is applied.

end if

i←i+1
Termination criteria are met.

until

Algorithm 1: General procedure of an EDA.
with the empirical evidence and could lead to the construction of incorrect models. Copula
functions oer an alternative to construct more exible distributions since the multivariate
distribution can be decomposed into the margins and a copula that sets the dependence
structure among the variables.
The learning step of copula-based EDAs involve the estimation of both the marginal
distributions and a dependence structure, which is determined by the copula. The marginal
distributions can be modeled by parametric and nonparametric distributions. Once the
margins are determined, the selected population is transformed into uniform variables in
(0, 1) by means of the evaluation of each marginal cumulative distribution function. A
copula-based model of the dependence structure is then estimated from this transformed
population. The sampling step usually starts with the generation of a population of uniform
variables in (0, 1) that resembles the dependence structure described by the copula estimated
in the learning step. Finally, this uniform population is transformed to the domain of the
variables through the evaluation of the inverse of each marginal cumulative distribution
function.

4

Survey of EDAs Based on Copulas

To the best of our knowledge, the technical report [68] and the theses [3, 6] can be considered
as the rst attempts to incorporate the explicit use of copulas into EDAs. Since then, a
considerable number of EDAs based on copula theory have been proposed in the literature.
Figure 1 shows a time-line of the publications that deal with copula-based EDAs that are
described in this paper. According to the copula model being employed, these algorithms
can be classied into two groups as EDAs based on either multivariate or factorized copulas.
Sections 4.1 and 4.2 provide a description of the algorithms belonging to each group.
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Figure 1: Time-line of publications dealing with EDAs based on copulas.
4.1

EDAs Based on Multivariate Copulas

Among the EDAs based on multivariate copulas, research has focused on the product, normal
and Archimedean copulas. In the following sections, these algorithms are described.
4.1.1

EDAs Based on Product Copula

The Univariate Marginal Distribution Algorithm (UMDA) for continuous variables [45, 46]
assumes a model of independence of marginal distributions. An EDA based on the product copula is a generalization of UMDA, which can support dierent types of marginal
distributions [68].
4.1.2

EDAs Based on the Normal Copula

The Gaussian Copula Estimation of Distribution Algorithm (GCEDA) [3, 67, 68] uses a
multivariate normal copula to model the probabilistic dependence structure of the best
solutions at each generation. Regarding the types of margins, two instances of GCEDA
are presented: one uses normal marginal distributions and the other empirical margins
smoothed with normal kernels. If the marginal distributions are not normal, the correlation
matrix is estimated through the inversion of the non-parametric estimator of Kendall's tau
for each pair of variables. Otherwise, maximum likelihood estimation is used. If the matrix
resulting from the inversion of Kendall's tau is not positive-denite, the correction proposed
in [56] is applied.
In [3, 68], GCEDA is compared to UMDA and the Estimation of Multivariate Normal
Algorithm (EMNA) [47] according to their performance in the functions Summation Cancellation, Sphere, Ackley and Griewank in 10 and 50 dimensions. Notice that GCEDA is
equivalent to EMNA when all marginal distributions are normal. These algorithms are
compared according to the number of function evaluations required to reach a certain value
of the objective function. Dierent population sizes are used for each algorithm-function
pair. An empirical procedure is used to select the minimum value of the population size
that guarantees that the algorithm converges 95% of the total number of independent runs.
The goal of the experiments is to show the eect of using neither normal or normal kernel
margins under a normal dependence structure when the initial population is sampled symmetrically and asymmetrically with respect to the optimum. This issue is studied in more
detail in [67].
Other algorithms, theoretically similar to GCEDA from the copula point of view, are
described in [6] and [22]. The former presents dierences regarding the estimation of the
marginal distributions and the use of techniques such as variance scaling [31]. The experimental study presented in [6] includes 20 unimodal and multimodal functions. The
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performance of the EDA presented in [22] is evaluated in one 2-dimensional function and
eight 10-dimensional functions. The population size of 100 individuals is used for all the
test functions.
The paper [76] proposes a multivariate copula to model the search distributions in EDAs,
but only a 2-dimensional EDA based on a bivariate normal copula and normal marginal
distributions is described in detail. The parameter of the normal copula, here a scalar
value, is estimated either by maximum likelihood or using the empirical Pearson correlation
coecient. During the simulation step, observations of the bivariate copula are simulated by
conditional sampling and then, the value of each variable in the new population is obtained
through the inverse of the corresponding normal marginal distribution function. Part of
the new population is generated using a mutation operator, but no details are given for its
eect. Notice that in this case, since both the bivariate copula and the margins are normal,
the proposed EDA is equivalent to EMNA.
The performance of the proposed algorithm is compared with a continuous extension
of the Population Based Incremental Learning (PBIL) algorithm for continuous domains
[62] in nine 2-dimensional functions with and without the use of the mutation operator.
The termination criteria are to reach the optimum of the function or a maximum of 1000
generations. All algorithms use a population size of 500 individuals for the rst three
functions and 100 individuals for the rest. The results show that the EDA based on copula
reaches better tness values than PBIL with a smaller number of function evaluations, in
most of the test functions. Nevertheless, these same results could have been obtained with
EMNA and the advantages of the use of copulas are not therefore clearly illustrated.
In [23], a multivariate normal copula is combined with an opposition-based learning
mechanism [70]. The proposed EDA incorporates opposition-based learning after the generation of the initial population and after the simulation of the copula-based probabilistic
model. The best solutions of both the new population and its opposite population are
selected to form the population of the new generation. The correlation matrix of the multivariate normal copula is estimated through the inversion of the non-parametric estimator
of Kendall's tau for each pair of variables. No information is given about the estimation of
the marginal distributions.
The behavior of the proposed algorithm is studied in test functions and a real-world
problem. The benchmark problems are eight functions in 10 dimensions and one bivariate
problem. The real-world problem involves the optimal placement of readers in Radio Frequency Identication (RFID) networks. The proposed algorithm is compared with an EDA
called
or
(no description is given about this algorithm). Both algorithms use the same population size of 50 individuals for all functions and
the maximum number of generations is 500. The paper also claims that the use of opposite
populations improve the convergence performance of the algorithm, but this issue is not
illustrated in the experiments. The paper does not include an experiment that compares
the behavior of the EDA based on the multivariate normal copula with and without the
use of opposition-based learning. Only the results for the algorithm using opposition-based
learning are presented and therefore, it is dicult to assess the eect of this technique in the
optimization. The result presented regarding the optimal placement of readers in RFID networks is an optimal solution of a problem instance. It is stated that the proposed algorithm
is
.

original version of EDA standard EDA

eective in the placement of readers in RFID networks
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4.1.3

EDAs Based on Archimedean Copulas

All the EDAs described in this section, except the algorithm presented in [75], are based on
exchangeable Archimedean copulas. These copulas constitute the most common multivariate
generalization of bivariate Archimedean copulas. In this case, the multivariate dependence
structure is determined by a single copula parameter, regardless of the dimension, and all
the variables in the structure are exchangeable.
The paper [75] constitutes a follow up of the EDA presented in [76] that proposes the
use of a bivariate Archimedean copula instead of the bivariate normal copula. Two EDAs
are described: one employs a Clayton copula and the other an Ali-Mikhail-Haq copula. It is
not specied how the parameters of the Archimedean copula are determined. The margins
are modeled with normal, t or empirical distributions. As the EDAs presented in [76], these
algorithms only optimize bivariate functions. The algorithms based on the Clayton and
Ali-Mikhail-Haq copulas are studied in nine bivariate test functions. Both algorithms use a
population size of 100 individuals in all the test functions, and terminate if the optimum is
found or after 1000 evaluations. It is reported that the proposed algorithms perform better
than the EDA presented in [76], which is based on the bivariate normal copula. Nevertheless,
it is not described how the parameters of the Archimedean copulas are determined or how
the margins are modeled.
The paper [21] presents an algorithm called Estimation of Distribution Algorithm with
Laplace Transform Archimedean Copula (EDALTAC), which uses exchangeable Archimedean
copulas and normal kernels for the marginal distributions. The parameters of the generator
of the Archimedean copulas are estimated by maximum likelihood. EDALTAC is compared
to an EDA that the author identies as
in
ve 20-dimensional test functions. In all cases, both algorithms employ the same population
size of 50 individuals and stop if a maximum of 200 generations is reached. The paper states
that EDALTAC uses an Archimedean copula but does not clarify which particular member
of this family is used in the experiments.
On a similar note, the papers [73, 74, 77] present EDAs that model the search distributions using an exchangeable Archimedean copula with constant parameter (Clayton on the
rst and third, and Gumbel on the second) and normal or empirical marginal distributions.
The papers [73] and [74] are similar, the Gumbel copula is used in the former and the Clayton copula in the latter. These EDAs are particular cases of the algorithm described in [21],
with the dierence that the parameters of the generator are xed.
In the experiments, the algorithms based on copulas are compared to UMDA and MIMIC
for continuous domains, two instances of the Estimation of Gaussian Networks Algorithm
(EGNA) [46], and Evolution Strategies (ES) [4] in Summation Cancellation, Schwefel and
Griewank functions in 10 dimensions. In the rst paper [77], the parameter of the Clayton
copula is set to 0.1 for the rst function, and 0.5 for the second and third functions. In the
second paper [73], the parameter of the Gumbel copula is set to 1.5, while in the third paper
[74] the parameter of the Clayton copula is set to 1.0. These values are close to the values
corresponding to independence, which theoretically should make these algorithms achieve
results that are similar to the ones achieved by an algorithm that assumes independence and
uses the same marginal distributions. The paper does not explain why in some cases the
proposed algorithms achieve results that are considerably dierent from the ones achieved
by UMDA, while their probabilistic models are similar.
Two EDAs based on Clayton and Gumbel exchangeable Archimedean copulas are also
presented in [32]. In both cases, the marginal distributions are normal. For the estimation

the original Estimation of Distribution Algorithm
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of the parameters of the Clayton and Gumbel copulas, two variables are randomly chosen
and the values of the parameters that maximize the corresponding 2-dimensional marginal
density are selected. It is important to stress out that this method is not a maximum pseudolikelihood estimation but an approach based on it. Maximum pseudo-likelihood estimation
involves nding the values of the parameters that maximize the likelihood function of the
multivariate copula, not the likelihood of an arbitrary 2-dimensional margin.
In the experiments, the proposed EDAs are compared with UMDA and MIMIC for continuous domains in six 100-dimensional benchmark functions. All algorithms use the same
population size of 100 individuals and the selected population is one-half of the population.
In a glance, a sample of 50 observations seems scarce for the estimation of a probabilistic
model for the dependence structure of 100 variables and the results of the algorithms may
be aected by the use of a small population. For instance, the algorithms based on copulas
behave much better than UMDA in Sphere, although it is known that the variables of this
function are independent.
As far as we are concerned, the paper [13] constitutes the rst attempt to use probabilistic
models based on copulas in the context of parallel EDAs. The proposed algorithm is a
distributed EDA based on the island model [48]. The general idea of the algorithm is to
evolve various subpopulations simultaneously by using a dierent multivariate copula to
model the individuals of each subpopulation. Specically, the authors study the behavior
of an algorithm that evolves two subpopulations modeled by exchangeable Clayton and
Gumbel copulas. Constant values of 1.00 and 1.05 are assumed for the parameters of the
Clayton and Gumbel copulas, respectively. In both cases, the marginal distributions are
modeled with the empirical marginal distribution.
The performance of the proposed parallel EDA is compared to UMDA and MIMIC
for continuous domains, and the algorithms based on multivariate Clayton and Gumbel
copulas proposed in [73, 74]. The experiments that were carried out are rather limited
and only descriptive comments are given in the analysis of the results. No other parallel
algorithm was included in the comparison and therefore, it is dicult to asses the eect of
the use of probabilistic models based on copulas in the context of parallel EDAs. Also, the
results achieved by the proposed parallel algorithm are similar to the ones obtained by the
sequential algorithms based on multivariate Clayton and Gumbel copulas. We consider the
reason behind this issue is that the dependence structures modeled by each copula is very
similar for the parameter values that were selected. Finally, as commented before in the
case of the numerical results presented in [73, 74], the parallel algorithm achieves results
that are considerably better than the ones achieved by UMDA in the function Summation
Cancellation, but the probabilistic models that are used are not so dierent. In our opinion,
this issue deserves more study.
4.2

EDAs Based on Copula Factorizations

One alternative to overcome some of the shortcomings of the multivariate copula modeling
approach is to use copula factorizations that build high-dimensional probabilistic models
by using lower-dimensional copulas as building blocks. The algorithms based on copula
factorization reviewed in this paper are divided into three groups: EDAs based on empirical
factorizations, vines and nested Archimedean copulas. The next three sections describe the
algorithms belonging to each group.
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4.2.1

EDAs Based on Empirical Factorizations

The algorithms described in this section use probabilistic models based on copula factorizations that are based on either empirical approaches or constitute extensions of existing
algorithms that originally were not based on copulas.
The paper [57] proposes an extension of the Mutual Information Maximization for Input
Clustering (MIMIC) algorithm for continuous domains [45, 46]. Similarly to MIMIC, the
proposed algorithm learns a chain dependence structure but it uses bivariate copulas instead
of bivariate normal distributions. Two instances of this algorithm are presented, one employs
normal copulas and the other Frank copulas. The marginal distributions are beta in both
cases, and consequently, a linear transformation is used to extend the beta distribution o
the boundaries of the (0, 1) interval. The learning step of the proposed EDA begins with
the calculation of mutual information between all pairs of variables. The values of the
parameters of the copulas obtained by the inversion of Kendall's tau are used as the initial
approximation for the maximum likelihood estimation. Next, a permutation of the variables
that maximizes the sum of the mutual information of the copulas in the corresponding chain
structure is selected. Performing such selection is a computational intensive task and, for
eciency reasons, a greedy algorithm originally proposed in [18] and adapted in [45] is used
to compute an approximate solution. During the simulation step, a conditional simulation
approach is followed for the generation of a sample with the relationships described in the
chain dependence structure.
The performance of the two algorithms based on normal and Frank copulas is compared
with the results of MIMIC for continuous domains in ve test problems: Ackley, Griewank,
Rastrigin, Rosenbrock and Sphere in 10 dimensions. The algorithms use a population size
of 100 individuals and stop after 300000 function evaluations or when the improvement
of the tness of the best individual in the population is not greater than a threshold for
25 generations. The three algorithms perform similarly on the ve test problems. In our
opinion, this result is due to the fact that the functions Ackley, Griewank, Rastrigin and
Sphere display weak interactions between the variables, so they can be optimized easily
by UMDA [27, 66, 69]. Therefore, the best performance of these algorithms would be
achieved when the values of copula parameters correspond to the independence model. The
Rosenbrock function presents non-linear interactions [11], which can not be captured by
neither normal nor Frank copulas.
The paper [16] investigates the use of bivariate empirical copulas and a multivariate
extension of Archimedean copulas. The EDA based on bivariate empirical copulas uses
empirical margins, so this algorithm is completely non-parametric. Both the marginal distributions and the bivariate empirical copulas are dened through a linear interpolation of
the sample in the selected population. As the paper states, the construction based on bivariate empirical copulas does not provide neither a proper multidimensional copula nor a joint
probability density function of the selected population. This issue constitutes a limitation
for studying the characteristics of the probabilistic model learned at each generation. The
EDA based on Archimedean copulas uses a construction, which is similar to a fully nested
Archimedean copula. This algorithm uses Frank, Clayton or Clayton survival copulas. The
parameters of the copulas are xed to a constant value. The marginal distributions are
modeled as in the EDA based on bivariate empirical copulas.
Six instances of the algorithm based on Archimedean copulas and the EDA based on empirical copulas are compared with UMDA for continuous domains, EMNA and the eigenspace
EDA (EDDA) [72] with 24 functions in 2, 5 and 10 dimensions. The six instances of the EDA
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based on Archimedean copulas correspond to two dierent values of the copula parameters.
The algorithms use a population size of 1000 individuals for all functions and dimensions.
The results show that the EDAs based on copulas behave better than the other algorithms
on 20% of the functions.
The algorithm presented in [59] constitutes an extension to the continuous domain of
the EDA based on discrete dependency trees described in [5]. This EDA employs a dependency tree along with bivariate copulas. The algorithm selects the copula that best ts a
bivariate sample among six candidate copulas: Ali-Mikhail-Haq, Clayton, Farlie-GumbelMorgenstern, Frank, normal and Gumbel. The authors also incorporate this copula selection
mechanism to the copula-based MIMIC proposed in [57]. The margins are modeled using
normal and normal kernel distributions. The strategy followed to learn the tree structure
is in the same spirit of that used in [57]. The goal is to select the dependency tree that
minimizes Kullback-Leibler divergence between the true unknown density and the estimated
density function. This aim is achieved by nding the tree that results in the highest pairwise mutual information by means an algorithm that nds a minimum spanning tree. The
parameters of the copulas are estimated by maximum likelihood and use the inversion of
Kendall's tau as an initial approximation. The selection of the copula for each pair of
variables is based on the highest value of the likelihood function.
The experimental studies compare two instances of each one of the algorithms MIMIC
and the dependency tree EDA, one with normal copulas and normal margins, and the other
with copula selection and normal kernel margins. The algorithms are compared on a benchmark of 7 functions in 4 and 12 dimensions. The population size is 10 times the dimension
of the problem for all algorithms and functions. The algorithms stop if the optimum of the
function is found, after 100000 function evaluations, or if the improvement of the tness of
the best individual in the population is not greater than a threshold for 30 generations. The
discussion of the results of the experiments states that the algorithms based on copula have
better performance than the EDAs based on normal copulas on various functions, but it
was not illustrated why a certain dependence structure was more appropriate for a particular case. The paper concludes that the algorithms based on copula selection perform very
similar, but in our opinion the reasons for this behavior are the same as given above in the
case of the algorithms proposed in [57].
4.2.2

EDAs Based on Vines

Pair-copula constructions constitute an alternative to the multivariate copula approach.
These constructions, and specically the graphical models known as vines, allow extending
bivariate copulas to higher dimensions and representing a rich variety of dependences by
combining bivariate copulas from dierent families.
To the best of our knowledge, the use of vines in the context of EDAs begins with the
introduction of the class of Vine EDAs (VEDAs) [27, 28, 66, 67] and two specic members of
this class: CVEDA and DVEDA, based on C-vines and D-vines, respectively. The learning
procedure of CVEDA and DVEDA include two main steps: the selection of the structure of
the vines and the choice of the bivariate copulas in the factorization.
The selection of a specic pair-copula decomposition implies to choose an appropriate
order of the variables. To do so, greedy heuristics are used to detect the most important
bivariate dependences. The rst step of the estimation procedure consist in assigning weights
to the edges and the absolute value of empirical Kendall's tau between pair of variables is
used with this purpose. The next step consist in determining the appropriate order of the
11

variables of the decomposition, which depend on the type of pair-copula decomposition. In
a C-vine, the tree that maximizes the sum of the weights of the root node to the others is
chosen as the appropriate factorization. In a D-vine, the rst tree is selected by maximizing
the weighted sequence of the variables through the cheapest insertion heuristic to compute
an approximate solution of the TSP (see [12, 55]). In both decompositions, the selection
of pair-copulas is accomplished through the Cramér von Mises statistics [26]. Firstly, the
product copula is considered [25]; if there is enough evidence against the null hypothesis
of independence, it is rejected and the bivariate copula that minimizes the Cramér von
Mises statistics is chosen. As the cost of the construction of C-vines and D-vines increases
rapidly with the number of variables, CVEDA and DVEDA use a truncation strategy [12]
in order to simplify these models. If a vine is truncated at a given tree, all the copulas in
the subsequent trees are assumed to be product copulas. A model selection procedure based
on either AIC [2] or BIC [61] is applied to detect the required number of trees.
The experimental studies with CVEDA and DVEDA assess the eect of combining different copulas, applying the truncation strategy, and selecting the structure of C-vines and
D-vines in the performance of VEDA. CVEDA and DVEDA are compared to UMDA and
GCEDA in the functions Sphere, Griewank, Ackley and Summation Cancellation in 10 dimensions. All the algorithms use normal margins and stop when the global optimum is
found or after 500000 function evaluations. The population size corresponds to the smallest size that the algorithm requires to nd the global optimum in 30 of 30 independent
runs. [53]. The bivariate copulas used by the vine-based algorithms are normal, t, Clayton,
Gumbel and the rotated versions of Clayton and Gumbel copulas.
CVEDA and DVEDA exhibit good performance in problems with both strong and weak
correlations between the variables: while UMDA uses the independence model and GCEDA
assumes a linear dependence structure, CVEDA and DVEDA do not assume the same type
of dependence across all pairs of variables. The estimation procedures used by the vine-based
algorithms select among a group of candidate bivariate copulas, the one that ts the data
appropriately. CVEDA and DVEDA perform, in general, between UMDA and GCEDA in
terms of the number of function evaluations. It is also illustrated that the construction of the
vines up to an arbitrary number of trees may lead to a poor performance of the algorithm,
since the appropriate number of trees is tightly related to the characteristics of the problem.
The truncation methods based on AIC and BIC are more appropriate. Additionally, it
is shown that it is important to make a conscious selection of the dependences that are
explicitly modeled in the rst tree of the vines.
The paper [58] also presents an EDA based on vines called D-vine EDA. In this algorithm,
only normal copulas are used in the rst two trees and conditional independence is assumed
for the rest of the trees, i.e. the D-vine is always truncated at the second tree. Although the
paper states that for practical purposes it is not necessary to build the complete D-vine, it
was illustrated in [27, 66, 67] that an arbitrary selection of the number of trees in the vines
compromises the convergence of EDAs based on vines. The selection of the structure of the
D-vine is based on the minimization of the Kullback-Leibler divergence between the true
unknown density function and the density function estimated using the truncated D-vine
factorization. The algorithm used to simulate the truncated D-vine is similar to that used
in [57]. The marginal distributions are beta.
In the experimental section, D-vine EDA is compared to MIMIC and UMDA in three test
problems (Ackley, Rosenbrock and Sphere functions) in 10 dimensions. The same population
size of 300 individuals is used for all the algorithms in all the test problems. The algorithms
stop after 300000 evaluations or if the improvement of the tness of the best individual in
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the population is not greater than a threshold for 25 generations. The algorithms obtain
similar results on Ackley and Sphere functions, although according to the results obtained
in [66, 69], UMDA should obtain the best performance on these functions.
4.2.3

EDAs Based on Nested Archimedean Copulas

The paper [78] proposes an EDA called LNAcopula-EDA that uses a representation of
hierarchically nested Archimedean copulas based on Lévy subordinators [35]. By using
Lévy subordinators, the probabilistic model is specied through a division of the variables
into s groups and the selection of an outer s-dimensional Archimedean copula, an arbitrary
positive random variable V and s Lévy subordinators. In LNAcopula-EDA, the variables
are divided into s = 2 groups and the outer copula is a 2-dimensional Clayton copula with
parameter θ. The variable V is gamma with parameters 1/θ and 1, and the two Lévy
subordinators are gamma and inverse Gaussian processes. The marginal distributions are
modeled using either empirical or normal distributions.
Key aspects of the proposed algorithm are not clearly described in the paper. The
variables are divided into two groups according to the correlation between the variables but
the procedure followed for the selection of the groups is not described. At this point, it is
also important to stress out the the use of correlation as a measure of dependence in the
context of copulas presents several limitations (see e.g. [71]). Besides, no information is
given about the method used to estimate the parameter of the outer Clayton copula or if it
is assumed to be constant.
The behavior of the proposed algorithm is compared to the results presented in [57]
by using the same experimental set of functions. LNAcopula-EDA uses the same population size of 100 individuals for all functions. The experiments show that LNAcopula-EDA
outperforms the other algorithms.

5

Summary and Conclusions

In recent years, a considerable number of papers that propose EDAs based on copulas have
appeared in the literature. Nevertheless, this is still a highly unexplored topic. There are
many aspects that should be considered in future research in order to achieve a deeper
understanding of mechanisms governing the behavior of these methods. It is important
to pay more attention to how the inherent features of each copula-based model aect the
optimization procedure. Regarding the experimental studies, in occasions the description of
the proposed EDAs lacks essential information to guarantee the reproducibility of the results.
It is also important to draw attention to the experimental design, since poor experimental
setups often result in misleading conclusions. Finally, it would be also benecial to have
more publicly available implementations of copula-based EDAs, since this would facilitate
performing numerical comparisons. To the best of our knowledge, the only publicly available
implementations of EDAs based on copulas are provided as part of the copulaedas package
[29, 30] for R [54].
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